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Small angle light scattering (SALS) from the three dimensional anisotropic spherical nematic droplets 
with an axial director configuration is investigated theoretically in this paper. The authors have per- 
formed an analytical interpretation for the light scattering from a single axial nematic droplet, considering 
an arbitrary orientation of the principal symmetry axis of the droplet. Series of scattering patterns for 
the axial nematic droplets are presented graphically and compared with each other as well as with those 
for the ideal spherulites or the radial nematic droplets. The dependence of V ,  scattering on relative 
polarizabilities between liquid crystals and isotropic matrices is elucidated. The average size of the axial 
nematic droplets can readily be determined according to the formulae obtained. Hence it is very 
prospective to apply SALS to distinguish the director configurations of nematic droplets and to make 
further extensive studies on composite materials containing anisotropic particles such as polymer dis- 
persed liquid crystal (PDLC). 

Key words: small angle light scattering, nematic droplets, axial director configuration 

1. INTRODUCTION 

Small angle light scattering (SALS) is an important method to probe supermolecular 
structures. Especially. the light scattering from small, optically anisotropic particles 
is a classic physical problem, and few corresponding analytical solutions have been 
obtained over the last hundred years.'-' Stein et ~ 1 . ~  made an analytical interpre- 
tation for the light scattering from polymer spherulites in 1960, which laid a foun- 
dation to explore the structures of spherulites by SALS and resulted in great 
S U C C ~ S S . ~ . ~  In this paper, the authors derive the analytical formulae of SALS from 
an axial nematic droplet, a kind of more complicated three dimensional anisotropic 
entities, in order to distinguish and measure the nematic droplets by SALS. 

Nematic droplets are complex liquid crystalline systems, which can be self-or- 
ganized in various ways.' Recently, polymer dispersed liquid crystal (PDLC) pre- 
pared by dispersing nematic droplets into a polymer matrix has attracted both 
theoretical and experimental physicists.'-12 It is very prospective for large-area 

tTo whom the correspondence should be addressed. 
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48 J .  DING AND Y. YANG 

displays. Due to the studies on PDLC, nematic droplets have reemerged as a topic 
of interest. 

In the physics of liquid crystals, the concept of director is introduced to represent 
the principal orientation of a cluster of nematic molecules, and the spatial arrange- 
ment of directors is usually called the director configuration. l3 The director con- 
figuration in a nematic droplet results from the surface interaction and the interplay 
of elastic constants. l4 According to Reference 7, there are three typical director 
configurations of nematic droplets called radial, bipolar and axial, as shown in 
Figure 1. Since the field response of a nematic droplet is effected by its director 
configuration, it is very important both in theory and in application to distinguish 
the director configurations of nematic droplets. Polarized optical microscopy (POM) 
has been proven a convenient means to differentiate director configurations with 
the advantage that every single droplet can be displayed under a polarizing micro- 
~ c o p e . ~ J ~  The droplet observed by POM usually has the diameter of 5-100 pm, 
and submicron nematic droplets cannot be seen clearly. Golemme et al.15 has 
developed 2H-NMR to monitor the director configurations of nematic droplets. 
That technique may be very useful in the case of submicron nematic droplets, but 
it requires the use of deuterated liquid crystal samples. The nematic droplets on 
PDLC films have a typical radius of about 0.5-10 pm, which are suitable for SALS 
studies. 

SALS from an optically soft sphere has been treated by some approximate 
approaches: Rayleigh-Gans approximation for small, submicron nematic droplets16; 
the anomalous diffraction approximation for large droplets1'; and the geometrical- 
optics approximation for very large objects.18 Based on these, light extinction of 
a PDLC film can be e~a1uated.l~ In this paper, exact solutions for SALS from axial 
nematic droplets are obtained, which are not limited only to submicron or micron 
droplets and have no restriction to the orientation of the droplet axis at all. 

Optically, SALS from a radial nematic droplet is the same as that from a polymer 
spherulite, which has been studied e~tensively.~,~ Bipolar and axial nematic droplets 
are more complex entities, mainly because the symmetries of their optical constants 
do not coincide with those of droplet shapes. The theoretical and experimental 

FIGURE 1 Three typical director configurations of nematic droplets: a) radial; b) bipolar; c) and d) 
axial. 
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SMALL ANGLE LIGHT SCATTERING 49 

studies on bipolar droplets will be reported by us in another paper."' I t  is also very 
meaningful to investigate axial nematic droplets. However, there has been, to our 
knowledge, no light scattering experiment of axial nematic droplets reported in 
the literature since Drzaic made the first observation of the axial director config- 
uration in 1988.' An important reason is that no pertinent theoretical scattering 
patterns has been presented. Explored in this paper are just the theoretical studies 
on axial nematic droplets. An analytical interpretation for SALS from an axial 
nematic droplet immersed in an isotropic matrix is carried out, and series of the- 
oretical scattering patterns are given graphically. In our opinion, this may turn out 
to be a useful reference for later analysis of relevent scattering patterns observed 
experimentally. As a conclusion, SALS can serve to distinguish director configu- 
rations of nematic droplets and to make further extensive studies on self-organized 
structures of nematic droplets in  composite materials such as PDLC. 

2. THEORY OF SALS FROM AN AXIAL NEMATIC DROPLET 

According to Rayleigh-Debye scattering theory, a model method is used to deal 
with the SALS from an axial nematic droplet immersed in an isotropic matrix. A 
single droplet is treated at first. The object is assumed to be optically soft, which 
is justified.'h-'x The well-known notations used by Stein et are employed. 
The scattered amplitude can be expressed in terms of the conventional 

where M is the dipole moment induced by the incident electric field in the volume 
element at the vector distance r; 0 is a unit vector parallel with the direction of 
the analyzer; k is the wave number 2 r / A m ,  where Am is the wave length within 
matrix; the propagation vector s is defined as s = so - s', where so and s' are the 
unit vectors along the incident and scattered beams, respectively. 

The scattering geometry for the axial nematic droplet is defined as in Figure 2, 
where the ( x ,  y, z) coordinate system is the droplet axis frame with the z-axis 
located at the principal symmetry axis of the droplet, while the ( X ,  Y ,  Z) coordinate 
system is the lab frame which is determined by the directions of the light incidence 
and the light polarization. 0 and @ are the nutation angle and the precession angle 
respectively. Since the axial droplet has a cylindrical symmetry, y-axis can be 
confined in the XOY plane. The rotation angle is therefore fixed at  zero. 

The nematic directors in the axial droplet are arranged concentrically around a 
central core running through the center of the droplet, and they are aligned tan- 
gentially on the droplet surface. For convenience, we assume reasonably that the 
nematic directors are arranged along series of ellipsoids, layer by layer. The ellipsoid 
shown in Figure 2 has a long principal axis with length of R and two short principal 
axes with length of R '. The ratio of the short and long axes is defined as f with f 
= R'/R, wheref E (0, 1). Obviously, the vector distance r can be written as 

r = R(fsin a cos cpi + f s in  a sin (pj + cos ak) (2) 
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50 J .  DING AND Y. YANG 

X 

FIGURE 2 The coordinate systems for describing SALS from an axial nematic droplet. (X, Y. Z )  
is the lab frame while ( x ,  y, z )  is the droplet axis frame with z-axis located at the principal symmetry 
axis of the droplet, the orientation of which is described by 0 and a. The s,,, E and s' are unit vectors 
along the directions of incidence, polarization and scattering, respectively. The scattered beam is 
described by -8 and p.. n refers to the local optical director in the axial nematic droplet. 

where i ,  j and k are the basic vectors of the droplet axis frame; ci and cp are two 
angles in the ordinary spherical coordinate system with respect to this frame. By 
Jacobian transformation from Cartesian coordinates, we have 

dfl = R3fsin3a df da dq (3) 

The propagation vector follows that 

6 
2 

I - cos - sin pJ - cos (4) 

where I, J and K are the basic vectors of the lab frame; 6 and p are the scattering 
angle and the azimuthal angle respectively, as defined as in Figure 2. After trans- 
forming s into the droplet axis frame, we get 

kr a s  = U(slf sin a cos q + s2f sin a sin cp + s3 cos a) ( 5 )  

where 

6 4 r R  6 
U = 2kR sin - = - sin - 

2 hn 2 

6 6 6 
2 2 2 

s1 = sin - cos 0 cos @ - cos - sin p, cos 0 sin (D + cos - cos p sin 0 (7.1) 

6 6 
2 2 s2 = -sin - sin (D - cos - sin p cos @ 

6 6 6 
2 2 2 

s3 = sin - sin H cos @ - cos - sin p sin 0 sin @ - cos - cos p cos 0 (7.3) 
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SMALL ANGLE LIGHT SCATTERING 51 

Under the condition of the uniaxial symmetry of the polarizabilities, the vector 
M can be separated into two parts, parallel and perpendicular to the director, then 
we have 

M = MI, + M, (8) 

MI, = (all - a,)(E-n)n (9) 

where n is the director, a,, and aI are polarizabilities parallel and perpendicular to 
the director respectively, and a,T is the polarizability of the isotropic matrix, E is 
the vector of the polarized incident electric field. The axial director can be expressed 
as 

arlacp n = - -  - -sin cpi + cos cpj I ar/acp I 

In this paper, Hv and Vv scatterings are investigated, which refer to the scat- 
terings with the analyzer perpendicular and parallel to the polarization of the 
incident light respectively. Therefore, E and 0 may follow that 

E = EoK = Eo( -sin Oi + cos Ok) (12) 

O(H,,)  = J = sin Q, cos Oi + cos Q,j + sin Q, sin Ok (13) 

O(V,,) = K = -sin Oi + cos Ok (14) 

Substituting Equations (11)-(14) into Equations (9)-(lo), we have 

MI1.O(Hv) = allE, sin O( -cos 0 sin Q, sin2cp + cos Q, sin cp cos cp) (15) 

MII.O(Vv) = allE,, sin2@ sin2cp (17) 
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52 J .  DING AND Y.  YANG 

Again, substituting Equations (3) and (15)-(18) into Equation ( l ) ,  we can obtain 
the integral expressions for Hv and Vv scattered amplitudes: 

+ cos 4 sin cp cos q)e - i k r , s  df da dq (19) 

Evv = KEoR3 1:" 1: 1: fsin3a(a2,, + aI2 sin2@ sin2q)e-'kr.s df da dcp (20) 

From the definition 

Z,,,, = jo2w 1; 1"' fsin3 a(sin cp)'"(cos cp)ne-ikr.s dfda dq (23) 

EH, and Ev, can be written as 

EH, = KEOR 3a,2 sin @( - cos 0 sin 4 Z 2 0  + cos QZl 1) (24) 

Ev, = KE,Jt3(a2,,Iw + a,2 sin2 @Z2") (25)  

Since a symmetry point at the center of the axial nematic droplet exists, the term 
exp( - ikr s) in Equation (23) can be simplified to cos(kr - s). Expanding cos (ky s)into 
a series and integrating term by term, we obtain 

(26) 
47F 
u3 I, = - (sin U - U cos U )  

s:(l - s$)(sin U - Ucos U )  
(1 - s y u 3  120 = 

s: - s: +- [s3 sin U - sin(Us,)] 
s3 

2 
$3 

+ - [s3 sin LI - sin(Us,)] 
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SMALL ANGLE LIGHT SCATTERING 53 

Substituting Equations (26)-(28) into Equations (24) and (25 ) ,  the scattered 
amplitudes from a single axial nematic droplet with an arbitrary orientation of the 
droplet axis can be written analytically as follows: 

3 a I 2  sin 0 
EHt = KE,,V - *  ;{H,(sin U - U cos U )  

u3 (1 - s3) 

+ H,[s ,  sin U - sin(Us,)]) (29) 

where 

6 
2 H I  = s2(l - s;) cos 0 + cos - cos sin 0 cos @ 

(30.2) 
1 

s.3 
H ,  = - [cos 0 sin @(sf - s$) + &,s, cos @] 

and 

s:(l - s:)(sin U 
aI2 sin*@ 
(1 - s3) 

a,,(sin U - U cos U )  + 

(sj sin U - sin(Us,)) 
s: - s: 

- u cos U )  + ~ 

s3 

When a12 equals zero, namely, a,, = aI = a, the formulae are reasonably reduced 
to those describing SALS from an isotropic sphere: 

EH, = 0 (32) 

(33) 
3 
u3 

Ev, = KE,V - (a - a,)(sin U - U cos U )  

It is interesting to note that when 0 equals zero, SALS from an axial nematic 
droplet is also the same as that from an isotropic sphere. This result can be readily 
understood after considering the specific orientation of the droplet axis with respect 
to the polarizers in this case, which verifies our derivation further. 

3. SERIES OF SCAlTERING PATTERNS 

3.1. Scattering Patterns for Seven Typical Orientations of an Axial 
Nematic Droplet 

Different from a radial one, the axial nematic droplet has a symmetry axis, therefore 
the orientation of the droplet axis must be taken into consideration. Special at- 
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54 J.  DING AND Y. YANG 

tention is paid to seven typical orientations by us. From the formulae given above, 
the analytical expression for the scattered amplitude from an axial nematic droplet 
with any specific orientation can be written down easily. A series of scattering 
patterns have been calculated. Series of H ,  and V ,  scattering patterns for different 
orientations are shown in Figures 3 and 4. For each pattern, corresponding ori- 
entational angles, namely, 0 and <p, are marked below. 

V, scattering is sensitive to the relative polarizabilities between anisotropic ob- 
jects and their isotropic matrices. Typical relative polarizabilities are considered 
with four groups of proportions of aI2 and azo: (0, l), (1, 0), (1, 1) and (1, - 1). 
The case of (0, 1) refers to an isotropic sphere, therefore corresponding scattering 
patterns are not shown in Figure 4. V ,  scattering for any a,,, aI and as, in our 
opinion, results from the sum of two kinds of scatterings in the amplitude way: 
one is the isotropic type in the case of (0, l), the other is the anisotropic type in 
the case of (1, 0), which is contributed only by the anisotropic contrast factor 
This can be seen both from Equation (31) and from scattering patterns in Figure 
4. Hence, it is the proportion of aI2 and azo that determines the final V,, scattering 
pattern for a nematic droplet with a definite director configuration and a definite 

0 = 90". Q = 45" 0 = 45", Q = 90' 0 = 54.7". I$ = 4 5 O  

FIGURE 3 Calculated H ,  scattering patterns for seven typical orientations of the axial nematic drop- 
let. The orientational angles of the droplet axis, @ and 9, are noted below each corresponding scattering 
pattern. (A, = 0.6328 p,m; R = 10 Fm; area shown: 8" x 8" for 6). 
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SMALL ANGLE LIGHT SCATTERING 55 

0 = 45". 9 = 0" 

FIGURE 4 Calculated V ,  scattering patterns for seven typical orientations of the axial nematic droplet 
under three groups of relative polarizabilities, (a ,2 ,  a2,,). Other parameters are the same as those in 
Figure 3 (Continued on next page). 

orientation of the droplet axis. The scattering pattern with (al2, azo) taking the 
proportion of (1,0), may be regarded as a key to describing a series of V,. scattering 
patterns with different relative polarizabilities. This suggests that the relative po- 
larizabilities of many anisotropic systems such as PDLC films can be estimated by 
V,. light scattering. 

3.2. Scattering Patterns for the Random Orientation of Axial Nematic Droplets 

Droplet axes will be oriented randomly if no external field is imposed on the PDLC 
film in the sample preparation. We may assume that the scattering from different 
droplets is incoherent because the positions of nematic droplets are usually dis- 
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56 J. DING AND Y.  YANG 

0 = 54.1". Q, = 45" 
(1. 0) (1. 1) (1. -1) 

FIGURE 4 (Continued) 

tributed randomly, thus the total scattered intensity is the sum of the scattered 
intensities by all nematic droplets with various orientations of droplet axis. 

In our calculation, the integration is converted into the following summation: 

IXO/AO 1801Aa 

I = 2 Qk)sin OjA@A@ 
j = 1  k = l  

Calculated results indicate that it is fine enough to take A@ = 10" and A@ = 
18". Corresponding H ,  and V ,  scattering patterns are shown in Figures 5 and 6, 
respectively. For comparison, the V ,  scattering from an isotropic sphere is also 
presented in the first pattern of Figure 6. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
44

 1
8 

Fe
br

ua
ry

 2
01

3 



SMALL ANGLE LIGHT SCATTERING 57 

FIGURE 5 
The parameters are the same as those in Figure 3. 

Calculated H,  scattering pattern for the random orientation of axial nematic droplets. 

(1, 1 )  (1. -1) 

FIGURE h Calculated V, scattering patterns for the random orientation of axial nematic droplets 
under four groups of relative polarizabilities. (a ,? .  (Y~,,). Here. the case of (0. I )  represents the V, 
scattering from an isotropic sphere actually. Other parameters are the same as those in Figure 3. 

4. RESULTS AND DISCUSSIONS 

The expressions for the scattered amplitudes from a radial droplet or a polymer 
spherulite4.s are rewritten first in order to compare SALS from the axial nematic 
droplet with that from a radial one: 

3 6 
u3 2 

EH, = KE,V - a I z  cos' - sin c~ cos p.(4 sin U - U cos U - 3SiU) (36) 

I1 6 
2 

+ cos2 - cos2p(4 sin U - U cos U - 3SiU) (37) 
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where 

J .  DING A N D  Y.  YANG 

" sin x 
SiU = 1, x dx 

Corresponding HI. and V,, scattering patterns are shown in Figures 7 and 8. 

tinguished and the average droplet size can be measured by SALS. 
According to this paper, director configurations of nematic droplets can be dis- 

4.1. Characterlzatlon of Director Configurations 

The H,,  scattering pattern for a single radial droplet has four disconnected main 
leaves and the V ,  scattering pattern with the anisotropic type has two leaves oriented 
along = 90°, while the scattering patterns for seven typical orientations of the 
axial nematic droplets have their own characteristics. The leaf-orientations in the 
V,, scattering patterns for the axial nematic droplet are along the contrary direction 

FIGURE 7 Calculated H, scattering pattern for a radial nematic droplet. The parameters are the 
same as those in Figure 3 .  

11, 1)  (1. -1) 

FIGURE 8 Calculated V,. scattering patterns from a radial nematic droplet under four groups of 
relative polarizabilities, (a ,2 .  a?,,). Other parameters are the same as those in Figure 3. 
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SMALL ANGLE LIGHT SCATTERING 59 

with that for a radial one with the same relative polarizabilities. The reason lies in 
the fact that the axial directors are aligned tangentially instead of radially. The 
calculated results show that the difference between the HI,  or V,. scattering patterns 
given above is large enough to distinguish the axial and radial director configu- 
rations, and further to determine the orientations of the axial nematic droplet. 

As for the axial nematic droplets with the random orientation of droplet axes, 
the leaves of V,, scattering patterns with the anisotropic type are oriented along p 
= 0". All of the V,, scattering patterns have circle or quasicircle outlines. The H I .  
scattering pattern in this case looks like connected four leaves with two obvious 
characteristics: no light extinction appears along IJ. = 0" and p = 90", and the 
position of the maximum scattered intensity is located at the center. Therefore, 
even the axial nematic droplets with the random orientation of droplet axes can 
be discriminated by SALS from the radial droplets and from the axial droplets but 
with different orientations. 

4.2. Measurement of Droplet Sizes 

The determination of the angular position a,,, of the HI. scattering maximum affords 
a rapid means for measuring the average size of droplets by use of the relation 
between a,,, and R. For the radial nematic droplet, the formula is: U = (4 n R/ 
A,,,) sin(O,,,/2) = 4.09, which is very useful in studies on polymer spherulites.4 

There are no HI. scatterings from the axial nematic droplets with (0. a) taking 
(0'. 00) and (90", 0"). But the scatterings from the axial nematic droplets with (0, 
@) taking (90", 0") and with the random orientation of droplet axes can be observed 
and these two cases might occur most probably. Since the scattering maximum for 
the latter is located at the center of the H,, scattering pattern, only the positions 
of the sub-maximum scattering, namely, the positions of the maximum intensities 
in four small leaves at relatively large 6 in Figure 5, can be detected. In principle, 
these small leaves can also be used to determine the average size of scattered 
entities. 

Similar to the case of the polymer spherulites or the radial nematic droplets, the 
azimuthal angles at the scattering maxima in these two cases about the axial nematic 
droplets are always along p = 245" with the average droplet size changed, whereas 
corresponding scattering angles are never fixed. A series of a,,, under different 
radii of the axial nematic droplets are calculated, from which the formulae to 
measure the average sizes are obtained: U = 4.31 at the position of the scattering 
maximum for the axial nematic droplets with (0, @) taking (90", 0"); I/ = 5.56 at 
the position of the sub-maximum scattering for the axial nematic droplets with the 
random orientation of droplet axes. 

5. CONCLUSIONS 

From this study, we conclude that SALS can serve to distinguish the axial nematic 
droplets from radial ones, and to discriminate the orientations of the droplet axes 
for the axial nematic droplets. Furthermore, it can serve to estimate the relative 
polarizabilities of PDLC films by V,, scattering, last but not least, to measure the 
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average size of nematic droplets by H,, scattering. It should be noted that these 
results would also be suitable completely for crystalline objects, provided that they 
had the same director configurations as the axial and radial liquid crystalline drop- 
lets. The method used in this paper can be extended to deal with more complex 
nematic droplets such as the bipolar droplets. Smectic and cholesteric liquid crystals 
may also be investigated by SALS. The authors would like to promise that SALS 
will be a very powerful technique to study anisotropic systems with various self- 
organized structures. 
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